Supported by the use of a regular scalar field we find a black hole solution in the Einstein-GaussBonnet model. From the obtained solution we can recover the Schwarzschild black hole as in other works. Later, by implementing the odd parity perturbations method we study the stability of the linearized equations of motion of the model, we find the explicit form of the Regge-Wheeler potential and we explore the condition of vanishing perturbations at the horizon of the black hole.
I. INTRODUCTION
The inclusion of a scalar field in general relativity is the simplest modification that can be implemented to gravity and the resulting scheme it is usually known as scalar-tensor gravity; given that the scalar field is an elementary field in nature, over the years the scalar-tensor models have been subject of great acceptance and applicability in several branches of physics, being cosmology the most outstanding. For an introductory review on the role of scalar fields in cosmology the Ref. [1] can be useful. For instance, the current homogeneity observed in the universe can be explained in simple manner by considering the existence (before matter domination) of a primordial scalar field that at early times drives during a very short period an accelerated superluminal expansion, this scenario is commonly named inflation model [2] .
At this point it is natural to question about the origin of scalar fields, the answer is still unclear, however it seems that a geometrical origin for the scalar field can be established when higher order invariants are considered in the gravitational action, one example of this situation is given by the f (R) gravity, in which can be found an equivalence between this and the Brans-Dicke model [3] . Another example of the aforementioned situation is given in the context of brane models [4] , for a certain type of Born-Infeld action the bending modes of the brane are characterized by a scalar field that can be related to the Galileon models, i.e., scalar fields with second-order dynamics [5] [6] [7] [8] [9] . Then those models including higher order invariants or derivatives represent an interesting scenario to test gravity. The Horndeski gravity [10] is one example of this kind of model and represents the most general scalar-tensor theory with second-order equations of motion, as in general relativity. This latter characteristic is also preserved in the Lovelock gravity [11] . It is worthy to mention that despite the presence of high-order invariants in the last two examples, only by the fact that preserve second-order equations of motion some instabilities can be avoided such as the Ostrogradski ghost.
An interesting model results from the coupling of the scalar field and the Gauss-Bonnet invariant that emerges in the Lovelock gravity. This geometrical invariant has cuadratic terms of the curvature and it is well established that the term by itself is not dynamic in four dimensions, i.e. it is topological, however when coupled to the scalar field becomes dynamical and governed by second-order equations of motion, as we will see later. This coupling have been studied widely at cosmological level, see for instance the Refs. [12] [13] [14] [15] [16] .
On the other hand, one peculiarity of this model was found lately, contrary to what usually happens in scalar-tensor theories, black hole or neutron stars solutions in this model could be distinguishable from those obtained in general relativity and this is due to the scalarization effect. The no-hair theorems implies that standard scalar-tensor theories will have the same stationary and asymptotically flat black hole solutions as general relativity [17] , however recently has been found that models with couplings between the scalar field and some curvature invariants can induce an effective mass on the scalar mode at perturbative level [18] [19] [20] , then objects of general relativity such as neutron stars could present a scalar hair [21] . In consequence, in Ref. [22] within the context of the Gauss-Bonnet coupling it is stated that the scalarization effect could be catastrophic for the stability of compact objects obtained in general relativity, since the mass of the scalar mode can be tachyonic. Therefore, becomes relevant to study the perturbative effects on solutions obtained in this model, some black hole solutions can be found in Refs. [23] [24] [25] .
In this work we will approach the stability problem for the Gauss-Bonnet coupling with the use of a standard method known as odd parity perturbations, see for instance the Refs. [26] [27] [28] [29] [30] . This analysis will be carried out over a black hole type solution obtained in this work, where the use of a profile for the scalar field which principal characteristic is that is regular everywhere was considered. This paper it is constituted by four sections. In Section II we give some generalities of the model, we write the equations of motion that govern the dynamics and introduce the profile for the scalar field, as well as the form of the metric with which the generalized Einstein equations are solved. We discuss some particularities of the obtained solution, given in terms of the hypergeometric function and we show that the Schwarzschild black hole can be recovered from this. In Section III we implement the method of odd parity perturbations for the Einstein-Gauss-Bonnet model and we explore the stability modes with the use of the positivity criterion for the potential obtained in the generalized Regge-Wheeler equation.
We show that the perturbations vanish at the horizon of the black hole and by the election of some values for the parameters involved in the model we illustrate the shape the potential.
Finally, in Section IV we give the final comments of our work.
II. HAIRY BLACK HOLE SOLUTION
In this work we will consider the action
where g is the determinant of the metric tensor g µν , (∇φ) 2 := g µν ∂ µ φ∂ ν φ, is the kinetic term of the scalar field, φ, V (φ) is the scalar field potential and f (φ) is an arbitrary function that mediates the non minimal coupling between the scalar field and the Gauss-Bonnet term, which is given as R
By performing a variation of action (1) with respect to the metric and the scalar field we obtain, respectively
being G µν the Einstein tensor and the prime stands for a derivative with respect to the scalar field, for simplicity in the notation we have the following definition
the square brackets denote anti symmetry. From now on in this work, for simplicity we will consider the function, f (φ) = φ. Following the line of reasoning of Refs. [31, 32] , in this section we find exact hairy black hole solutions considering a scalar field that is regular everywhere given by the following profile
being ν a constant parameter, for the metric Ansatz we will consider
with coordinates (t, r, z, ψ) and being dΩ 2 the metric of the two dimensional spatial section with curvature parameter, k, which can take the values 0, ±1. From the previous input, the equation of motion (2) can be simplified to the following expressions
which is simply an algebraic expression and
where the prime denotes derivative with respect to the radial coordinate, r. The Eq. (7) can be obtained from E 
Taking the change of variable z := 1−r −1 , the previous differential equation can be rewritten as follows
With the change, f (z) = z α (1 − z) β F (z) in the previous equation one gets
which corresponds to the hypergeometric differential equation for F (z), in this case the following conditions must be satisfied
which gives
and the exponents are given by β = 0, −1 and α = 0, 1. Note that the solutions for a and b impose the condition, ν ≤ 17/16 ≈ 1.06. The general solution of Eq. (11) can be written as follows [33] 
where A and B are arbitrary constants and F 1 (a, b, c; z) is the hypergeometric function, then the function f (z) takes the form
It is worthy to mention that for the change of variable considered we have z(r → 0) → −∞, z = 0 for r = r H = 1 and z(r → ∞) → 1. Note that we will have several cases once we consider the values of the exponents α and β and the signs in the expressions for a and b.
As can be seen from the condition (12), c will be an integer with values 0 or 2, therefore the solution of the hypergeometric equation given in (16) changes slightly. For n being an integer number we have the following conditions: if c = n ≥ 2 the second term of (16) can not represent a solution of the hypergeometric equation and if c = −n ≤ 0, the first term of (16) can not be considered as solution of the hypergeometric equation [34] . For instance, if
we consider the case c = n ≥ 2, we can write
where (a) n = a(a + 1)(a + 2)...(a + n − 1) is the Pochhammer symbol, by considering β = 0 and truncating the previous sum at the first term, one gets
which corresponds to the Schwarzschild black hole with horizon event located at r = 1, besides we have used the property (a) 0 = 1 and the change of variable defined previously.
Something similar occurs in Ref. [25] , the Schwarzschild black hole is recovered in one branch of the solution obtained in the discussion done by the authors. On the other hand, for β = −1 the function f (r) has the following behavior for the nth order term: r(1−1/r) n+1 .
III. ODD PARITY PERTURBATIONS IN THE EINSTEIN-GAUSS-BONNET

MODEL
In order to study the odd parity perturbations, we adopt the following perturbed metric
In general, k 1 , k 2 and k 3 are functions of the coordinates (t, r, z). On the other hand, A(r), B(r), C(r) are some metric functions parameterizing the most general static background solution of a scalar-tensor theory. For the scalar field we will consider the following form φ = φ 0 (r) + εΦ(t, r, z),
being φ 0 the background field. Taking into account the metric (20) and the scalar field (21),
we can write the equations of motion (2) at first order in ε as follows
Note that the previous equations lead us to the conditions ∂ t Φ = ∂ z Φ = 0. If we consider the operation E t t − E r r , one gets
therefore ∂ r Φ = 0. Using these results we can simplify the form of the equation for E r r , one gets
which implies Φ = 0, in previous equation we have defined
always that the following system is fulfilled
If we propose the following variable
where
the set of equations (27)- (29) takes the form
For simplicity in the notation we have defined the following functions
Taking into account the combination ∂ r (33) + ∂ z (32), one gets an equation in terms of the Q variable as follows
i.e., we consider Q = Q(r, t)D(z), yielding
1 − kz 2 2 ∂ ∂z 
The stability modes are explored by using the Fourier decomposition of the master variable, Ψ = Ψ ω e iωt dt, we obtain
The previous expression is a generalization of the Regge-Wheeler equation [35] , we must note that the scalar field perturbation vanished but the Eq. (42) depends on the backreaction produced by the scalar field. In general, the spectrum of the operator H is positive definite always that
where the operator D has the form
and
dS dr * , we can obtain the Regge-Wheeler potential
Always that V α ≥ 0, we have a stable configuration, in order to satisfy this condition we must have vanishing perturbations at the horizon, i.e., (Ψ ω DΨ ω )| Boundary = 0. In general, near the black hole horizon, r H , in order to have vanishing perturbations we could assume an expansion of the following form:
n , where γ n is a constant coefficient, however we must check also the behavior of the operator D, since involves derivatives of the scalar field and the function B. The action of the operator D over Ψ ω can be written as follows
where we have used the change, ∂ ∂r = B A ∂ ∂r * defined previously together with the Eqs. 
where Γ(z) is a cumbersome function involving derivatives of the scalar field and the hypergeometric function, however we can factorize the function f (z) from its terms. See for instance that the first derivative of the function f (z) takes the following form [33] :
which results f (z = z H ) = 1, for the second derivative f (z) we have a constant value when we evaluate at the horizon. Besides, all the derivatives of the scalar field take a constant value for z = z H , therefore the denominator of Eq. (47) is equal to one at the horizon and the numerator is zero, then we can see that the perturbations vanish at the horizon.
In consequence, only by determining the behavior of the potential, V α , we can establish a stability criterion for the black hole solution.
In Fig. (1) we depict the behavior of the potential given in Eq. (45), for this purpose we use the expression written in (17) , which corresponds to a solution of the Einstein-GaussBonnet model and depends on the parameter ν introduced in the profile for the scalar field given in Eq. (5). Besides the components of the metrics (6) and (20) can be related directly. We have considered the integration constants A = B = 1 and λ ≥ 0.
In general, we will have some variations of the solution (17) As can be seen in the upper panel of Fig. (1) , the potential becomes negative at large distances, z(r → ∞) → 1, therefore the model exhibits an unstable behavior under odd parity perturbations, however, the potential will be always positive if we increase the value of the parameter ν (as shown in the lower panel), then, always that we choose the appropriate value of ν, the model will be stable under odd parity perturbations. 
IV. FINAL REMARKS
In this work we focused on the study of the stability of an Einstein-Gauss-Bonnet hairy black hole solution under odd parity perturbations. The black hole solution under study was obtained by considering a real profile for the scalar field that is regular everywhere, at large distances we have, φ → 0, and at short distances the scalar field becomes relevant but exhibits an asymptotic growth.
We can visualize the singular nature of the obtained solution despite it depends on the hypergeometric function since we have a linear dependence on the coordinate z, being z = 0 the location of the horizon event and z = 1 corresponds to infinity. The obtained solution can be written in two different forms according to the following considerations: c = n ≥ 2 and c = −n ≤ 0, where n is an integer number and c is a parameter of the hypergeometric function, however in both cases the linear dependence on the coordinate is present. As shown explicitly in this work, for the case c = n ≥ 2 we can recover the Schwarzschild black hole from our solution.
By considering the most general static background solution for a scalar-tensor theory we can observe that as in previous results [27, 28] 
